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BBEJAEHUE

MaremaTndyeckue MOZENIM MHOTMX 33Jad B €CTECTBEHHBIX HAayKax U
TeXHUKE  coiepxaT  auddepeHIMaNbHbIE  YpaBHEHHs C  YacCTHBIMHU
IPOU3BOAHBIMUA. Takue ypaBHEHUS MPUHATO HA3bIBaTh  yPaBHEHUSIMHU
MaTeMaTH4ecKol (u3uku. bonbIiol WHTEpeC ISl MPUIOKEHUIN TPEICTaBISIIOT
JVHEWHbIE YpaBHEHHUs BTOPOrO MOpsiIKa C IMOCTOSHHBIMHM KO3(@uIMeHTaMu.
Mertonp! penenns i 3THX YPaBHEHUM U3y4YEHBI 10CTaTOYHO Xopowo. K Takum
METOJaM OTHOCUTCA mMeTon Pypbe — METOA pasfenceHus nepeMeHHbix. C ero
IIOMOIIBIO YCIEUIHO PEIIAOTC JUHAMUYECKHUE 3a1a4M, B KOTOPBIX IMPUXOJUTCS
paboTaTh C ypaBHEHUAMH runepOonuueckoro tuma. [IpumepoM Takux 3anad
CIIy’)KaT KoyieOaHUsI B CTEP’KHEBBIX CHCTEMax, MOJAPOOHO PACCMOTPEHHBIE B
pabore [1]. Meron @ypre NpUMEHSETCS TaKXKe MpPU PELICHUH 33434
TEIJIONPOBOAHOCTH  [2] Uil yCTAaHOBUBILMXCS MpoueccoB  (YpaBHEHHUS
JIUIMOTUYECKOr0 TWIMA) U JJI1 HEeCcTallMOaHapHbBIX 3a7ad  (ypaBHEHMS
napaboIMYECcKOro THIIA).

VYpaBHEHUS ¢ YACTHBIMU MPOU3BOJHBIMU MOTYT UMETh OECKOHEUYHO MHOTO
JUHENHO HE3aBUCUMBIX YACTHBIX PEHICHW. OTHM OHHM OTJIMYAKOTCS OT
OOBIKHOBEHHBIX UM (PepeHIMabHbIX ypaBHEHUN. PereHus JWHEWHbIX 3a7ad
MaTeMaTHUYeCKON (U3MKHM TOIy4aroT 4Yepe3 CYNEpHO3UIMI0 TaKUX YacCTHBIX
pemiennii. Ilpu »sToM B ciaydae OECUHMCIEHHOIO MHOXECTBA JIMHEHHO
HE3aBHUCHUMBIX YACTHBIX PEIICHWM BO3HUKAIOT MHTErPANIbI, COAEpPIKAIINE
napamerp. Ecin K€ MHOXKECTBO YaCTHBIX PELICHUM CYETHOE, TO HMCKOMOE
pelieHre 3aJaud MpeacTaBisgercss uepe3 (yHKUMOHAIbHBIA psa. [laHHbIe
METOOMYECKUE yKa3aHWsd COJIepXkKaT 3a4auyd, B PEHICHUAX KOTOPBIX
OPUCYTCTBYIOT (PYHKIMOHANbHbBIE pAlbl. [Ipy 3TOM npeanonaraercs, 4To psiibl

MMEIOT HETIPEPBIBHBIE CYMMBI. byieM Takke mojiaraTh, YTO BCE BCTPEUAOIIUECS



B pCEIICHUU PAIbl MOXHO HEOOXOauMoe dYHcio pa3 auddepeHInpoBaTh

ITIOYJICHHO.

1. KOJIEBAHUA YIIPYT'OI'O CTEPXKHSA

PaccMoTpuM  MpsSMOJIMHEHHBIA CTEPKEHb JUIMHBI | ¢  TOCTOSHHBIM
MONEPEYHBIM CEUEHHEM IUIomaau S. Marepuan CTepKHS OIHOPOJHBIA C
IJIOTHOCTBIO P. YCIIOBUSI 3aKPEIUICHHUS M HArpy»EHUsI CTEP>KHsSI TaKOBbI, YTO
pean3yeTcsi OJTHOOCHOE€ pacTsbkeHue-ckatue [3]. Ilpu pe3koM H3MEHEHUHU
BEJIMYMHBI BHEIIHEH HArpy3Kd CTEP)KEHb BBIXOJUT U3 COCTOSHUS TOKOS U
HAYMHAET COBEpIIaTh CBOOOJHBIC MPOMAOJIbHBIE KoJieOaHus. BriBenem
ypaBHEHUE, KOTOPOE OIMUCHIBAET ITH KOJICOAHUS.

CBsiKeM CO CTEp>KHEM JIeKapTOBY cucTeMy koopauHat. Haudano orcuera
pacCIONOKUM B IIEHTPE TSHKECTU HA JIEBOM KOHIE CTEP>KHS, KOOPJIUHATHYIO OCh
OX HampaBUM BJIOJIb TEOMETPUYECKOH OCH CTEp)KHSA. BBIAEINM y4acTOK
CTEp>KHsI, TPOBEIS JBa MOMEPEUHBIX CCUCHHUS HA PacCTOSIHUAX X W X + dX or
Hayaja oTcuyeTa. PaccMoTpuM paBHOBECHE BBLAECIEHOTO y4acTKa MO/l IEUCTBUEM
BHyTpeHHUX ycuiuid Ni u Np, A1efCTBYIOMMX CO CTOPOHBI COCETHUX YYacCTKOB

cTep>kHs (puc.l), a TakKe CHII HHEPIUH.

A
A 4
v

N1 N2

Puc.1



[Ipuxonum K ypaBHEHHIO BHA
o2
-Ny+N;-pSdx——=0, (1)
o0t
rie U(X,t) — oceBoe mepemeIneHne CeueHus CTEPIKHS, 3aBUCSIIEE OT MPOI0JILHOM
KOOpJIUHATHI X U BpeMeHH t. B pamkax runore3 conpoTUBIICHUS MaTepUaioB [3]
pacnpez:eneHI/Ie HOpMaJ'H:HOFO HaprDKeHI/ISI O IIO nonepeqHOMy CCUCHUIO

CTCPIKHs MOJIararOT paBHOMCPHBIM, TaK 4YTO BHYTPCHHCC OCCBOC YCHIIMC N u

HaIps’KCHUEC G CBA3AHBI pAaBCHCTBOM

N=cS. (2)
Torna ypaBaenue (1) npuHUMaeT BUJT
o2
pdX—— = 52-61 . (3)
ot

[Ipn ycnoBuu, YTO MaTepuang CTEPKHSA JMHEWHO YIPYTUM, CBA3b MEXIY
HOpMaJIbHBIM HalpsKEHUEM M 0CeBOH nedopmanmen € onpeaensercs 3aKOHOM
I'yka:

o=Es¢. 4)
Uepes E B dopmyne (4) obo3HaueHa MeEXaHMUYECKas XapaKTEPHUCTHUKA
Marepuana — Moayib ynpyroctua (momaynb FOnHra). B cBoro ouepenb oceBas

nedopmarius cBs3aHa ¢ MPOAOJIbHBIM MEPEMEIICHUEM COOTHOIIICHUEM BU/IA

ou
g=———. (5)

C yuetroMm paBeHcTB (4) u (5) ypaBHeHuHe (2) MPUHUMAET BUT

o°u(x,t) “E( ou(x+dx,t) ] ou(x,t) y. ©)
o’ OX OX

pax



[Ipenebperas B mpaBoi yacTu ypaBHEeHUs (6) OECKOHEUHO MaJIbIMUA BEIIMYNHAMUA

BBICHIUX ITOPAAKOB, ITOJIYYUM

pdX ————— =B —m—
o2t OX?
U Jaiee
o2u(x,t o2u(x,t
___(__)_ = g2 ———(——)— ) a’=E/ p. (7)
ot OX?

Ypasuenue (7) npeacrapisieT co0oil ypaBHEHHE CBOOOIHBIX MPOIOJIbHBIX
KOJICOAHHI yIIPYTroro CTEPKHS.
K ypaBuenuto (7) crnenyer n00aBUTh HayallbHblE U T'PAHUYHBIE YCIIOBUS.

Hauanpnbie YCJIIOBUS UMCIOT BUJ

ou(x,0)
u(x,0)=f(x), ————=g(x).
ot
3nece f, g — 3amaHHble (YHKIUU apryMeHTa X, KOTOPBIC OIPEICIISIOT

COOTBETCTBEHHO IIEPEMELIEHUS U CKOPOCTH IIONEPEYHBIX CEUCHHU CTEpPXKHS B
MOMEHT Hayajla KojeOaHuil. Buj rpaHuyHbIX YCIOBUN 3aBUCUT OT crioco0a
3aKPEIUICHNS U Harpy»KEHUsI KOHLIOB CTEPKHSL.

B kauecTBe mpuMepa pacCMOTPHUM CTEpPXKEHb, Y KOTOPOIO JIEBBIA KOHEIl
3alllEMJIEH, @ K IPaBOMY KOHILy NpuiIoxkeHa oceBas cuia (puc.2). CrepkKeHb

HaXO0AHUTCA B COCTOSAHHH ITOKOA.

P X (Po, t<0
0 > P=P(t)=3
\0, t=0
Puc.2



B HEKOTOpBII MOMEHT BPEMEHM, NPUHATHIA 3a HA4yaJbHbIM, JACHCTBHUE CHUJIbI
MIHOBEHHO Tpekpamiaercd. CTepkKeHb HauMHAeT COBEpUIaTb CBOOOHBIE
Kosie0aHusl, KOTOpble OMUCHIBaIOTCS ypaBHeHueM (7). HaganmpHbie ycnoBus

HUMEIOT BU
Px ou(x,0)
u(x,0)= : =0.
ES ot

(8)

Tak Kak JeBbIi KOHEI] CTEPXHS 3alleMJIEH, TO
u(0,t)=0. 9)
[IpaBblii KOHEIl CTEPkKHS BO BpeMsi KojeOaHUM CBOOOJIEH OT 3aKpEIUICHHH U
BHEIIIHUX HArpy30K, TaK YTO
N=0 mpu Xx=I.
C yuerom paBeHcTB (2), (4) u (5) mocnegHee TpaHUYHOE YCJIOBHE MOYKHO

MNpCaACTaBUTL B BUIC

—————— =0 . (10)

Pemenne kpaeBoii 3agaun (7)-(10) mpoBenem Metogom Dypoe [4].
[IpencrtaBuM UCKOMOE PELICHUE B BUJE
u(X,t)=X(x)T(t). (11)
[ToncraBuB Beipaxkenue (11) B ypaBHenue (7), MOAyduM TIOCHE pa3feieHUS

MIEPEMEHHBIX

TH XH

a’T X
[TocneaHee paBEeHCTBO JOKHO BBIMOIHATHCS IS BCeX 3HaueHuH >0 n 0<x<lI,

DTO BO3MOKHO, €CJIH
TH XH
——=——=C, roe C=const. (12)
a’T X



Torpa TSt ONPEAECTICHUS X(X) MOJy4aeM O0OBIKHOBEHHOE
nuddepeHanbHOe ypaBHEHHE
X"-CX=0. (13)
K ypaBuenuto (13) cienyer 1060aBUTh rpaHUYHbBIE YCIOBUS
X(0)=0 u X'(0)=0, (14)
noJrydeHHble cooTBeTcTBeHHO M3 ycinoBuid (9) m (10). Ilpu 3mauenmsax C>0
3amaya (13), (14) uMeeT eIMHCTBEHHOE pelIeHNe
X(x)=0,
HO Torda BeipakeHue (11) He 3amaeT mepemenieHus Mpu KojaeOaHusX. 3HAYUT,
caemyet nonoxuts C=-A2. Torga 3agaua (13), (14) IMeeT MHOKECTBO PEILICHUIH
Xk(X)=DysinXx, M=(k+¥2)n/l  (k=0,1,2,...). (15)
BenuuuHbl Ak Ha3bIBAIOTCS COOCTBEHHBIMH 4HciaMH, a Xk(X) — COOCTBEHHBIMU

bynkuusmu 3agaun (13), (14).

Ynpaoxcnenue 1: Ilokazams, umo cucmema coocmeenuwvix hyukyuil (15)

aensiemcs opmo2onanvhou na ompeske [0;1], mo ecmo

|
SXk(X) X()dX=0, eciu m=n.
0

Hns onpenencuus ¢yHkipu T (1) uMeeM Ha ocHOBaHWHW ypaBHeHHi (12)
OOBIKHOBEHHOE U (depeHInanbHOE YpaBHEHUE
T"+(M@)’T=0 (k=0,1,2,...),
oO11iee pernieHne KOTOporo UMeeT BU/T

Tw(t)=Akcos(Ma)t+Bysin(Aka)t (k=0,1,2,...). (16)



C yuetom Beipaxkenuii (11), (15) u (16) uckomoe pemieHue OyneT mpeacTaBiICHO

B BUJIC
w - -
u(x,t)=2 [ axcos(Aka)t + bysin(Aka)t JsinigX . (17)
k=0
[ToncraBuB BeipaxkeHue (17) B HauanbHbIE YCI0BUA (8), MOTyYUM

o PX 00 _
Y asiniuXx =——— u X by(Ak@)sinkx =0.

k=0 ES k=0

[locneqnue paBeHCTBA B CHUIIy OPTOTOHAJIBHOCTH CHUCTEMbI COOCTBEHHBIX
byukiui (15) MokHO paccMaTpuBaTh Kak paszinoxkeHus B psaasl Oypre. Torma

I x=I
a=(2P/IES)Ixsinxdx = (2P/IES)[ x(-coshexX)/h | - Jl(-coskkx)/kkdx]:
0 x=0 0

=|
:(2P/IESkk2)sin(kkx)f< = (-1)*Q2P/IESM?) u  be=0 (k=0,1,2,...).
x=0

OxkoHyaTeNnbHO MoJIyYnM petenue 3aaaqu (7)-(10) B Buze
8 Pl o (-1) (2k+)r  (2k+1)w
2z COoS at sin

X .
7 ES k=0 (2k+1)2 2l 7l

Vnpaosxcnenue 2. Pewumsv 3a0auy o c600600HbIX NPOOONbHBIX KOAEOAHUSX
YAPY2020 CMEPIHCHA NPU 3A0AHHLIX HAYALLHLIX U CPAHUYHBIX VCI0BUSAX,

sapuanm onpeoerums npeonocieonell yuppe Homepa 3a4emHolt KHUNCKU.

2.1.  u(x,0)=-Px/ES, ui{(x,0)=0; u(0,t)=0, ui(t)=0.

2.2.  u(x,00=0, ui(x,0)=0; u(0,t) =0, u%(l,t)=P/ES.
2.3. u(x,00=0, ui(x,00=0; u%(,t)=P/ES, u%(I,t)=P/ES.
2.4.  u(x,0)=-P(I-x)/ES, ut(x,00=0; u%@Ot =0, u(lt)=0.

25.  u(x,00=0, uti(x,0)=0; u(0,t) = P/ES, u(l,t) = 0.
26. u(x,00=0, uti(x,0)=0; u(0,t) =0, u(l,t)=Vvt.
2.7.  u(x,0)0=0, ut(x,0)=0; u(0,t) = -Vt, u(l,t)=0.
28. u(x,00=0, ut(x,0)=0; u(0,t) =0, u(l,t) =Asin(at) .



29. ux,00=0, ui(x00=0; uO =0, ui(lt = (P/ES)sin(awt).
2.10. u(x,00=0, ui(x00=0; u%(@O,;) =(P/ES)sin(at), u(l,t)=0.

2. HECTAIIUOHAPHASA TEIIJIOITPOBOAHOCTD B CTEPKHE

PaccMoTpuM mipsIMONIMHEHHBIN CTepkeHb KOHeuHoW umHBI |. CBsikeM ¢
HUM JE€KapTOBY CHCTEMY KOOpPIMHAT, PACIIOJIOKUB HAYajl0 OTCYETa HA JIEBOM
TOPLEBOM CEYEHMH M HampaBuB ocb OX BOoJIb Ocu crepkHsA. Marepuan
CTEp)KHA CYMUTAEM OJHOPOJHBIM C IUIOTHOCTBIO P, KO3(PuImeHToM
TETUIONPOBOAHOCTH K M yaenbHOH OOBEMHON TEIIOEMKOCThIO C. BokoBas
IOBEPXHOCTh  CTEP)KHS ~ TEIUIOM30JIMPOBAaHA, TaK 4YTO TEIJIOOOMEH C
OKpY’KAIOLIEH CpPefoM MPOUCXOAUT TOJIBKO Yepe3 TOpLEeBble ceueHus. B
CTEp)KHE OTCYTCTBYIOT BHYTPEHHHE HCTOYHHMKM Teruia. B Kakaplii MOMEHT
BPEMEHU TEMIIEpaTypy BO BCEX TOYKax JAHHOIO IIONEPEYHOr0 CEYEHUs
nojaraeM onauHakoBod. Temneparypa O(X,t) 3aBucut Torma oT HpPOMOIBHOM

KOOpAHHATHI X U BpCMCHHU tu YAOBJICTBOPACT YPABHCHHIO TCILIOIIPOBOAHOCTH

o0 _a_(j(_X_,Q, 2= Kicp (18)

[TocTosiHHYIO @ Ha3bIBAIOT KOA(PHUIIMEHTOM TeMIIepaTypOIPOBOIHOCTH.
K ypaBHEHHIO TEMIONPOBOJHOCTH CIEAyeT J00aBUTh HAYAJIBHOE YCIOBHE
BHUJa
O(x,1)=f(x) mpu 0<x<I
Y TPaHUYHbIC YCIIOBHS [yt ceueHuit X=0, x=I.

PaCCMOTpI/IM Ha4aJIbHOC U I'PAaHUYHBIC YCJIOBH: CIICAYIOIICTO BUA:

0(x,0)= 0o, (19)
o0(1,t)
0(0,t) =M, ———— = 0. (20)
OX



3nece 8o m M — 3ananHble KOHCTaHThl. ['panmunbie ycioBus (20)
COOTBETCTBYIOT CIIy4al0, KOTJa Ha JIEBOM TOpLE CTEP)KHSA MOICPKUBACTCS
MIOCTOSTHHAS TEMITepaTypa, a MpaBblil TOPEIl TEIIION30TMPOBAH.

[IpencraBuM HCKOMOE pelieHHe 3aaauu TeruionpoBogHocTH (18)-(20) B
BUJIE

O(X,t)=X(X)T(t)+¢(x).
®Oynkiuio @(X) ciexyer BEIOpaTh Tak, 4YTOOBI CAETIATh TPAHUYHBIC YCIOBHSI IS
¢yakmmn  X(X) omHOpomubiMu. [Ipu 3tom O(X,t) HODKHO YHOBIETBOPATH
ojHOpoHOMY ypaBHeHuto (18). DTo gocturaercs, ecim
@"(X)=0 mpu 0<x<I; ¢@0)=M, ¢'()=0.

[Tocneaaue ycoBus OYIyT BBIOJHEHBI, €CIIM TOJOKUTE ((X)=ax+b mpu b=M

n a=0. [Ipuxoaum K BBIPaKEHUIO

O(X,)=M+X(X)T(t). (21)

[ToncraBuB ero B ypaBHeHue (18), mocie pazaeneHus: mepeMEeHHBIX MOTydaeM
T _ X"
a’T X
Tak kak MmocienHee paBeHCTBO JOJKHO BBITIOJHATHCS TSl Bcex 3HadeHWi >0
n 0<x<I, To
T'-C a’T=0 (22)
U
X"-CX=0,

rne C=const. Obmee pemenue ypaBaeHus (21) umeet Bua

T(t)=Aexp(Ca?).
Hu B 0#HOM TONEpPEYHOM CEUEHUHU CTEepXKHS TemIepaTrypa HE MOXKET C
TEUEHUEM BPEMEHH HEOTPAHMYEHHO BO3pacTaTh, Tak uro C=-A2. Torma

T(t)=Aexp(-A%a?) . (23)

10



HuddepeHnnanbHoe ypaBHEHUE ISl onpenesieHns GyHKuu X(X) mprHHUMAaeT
BU/T
X"+)\2X=0 . (24)
VYpaBHenue (23) penraercs Ipyu rPaHUIHBIX YCIOBUIX
X(0)=0 u X'(0)=0, (25)
KOTOPBIE TOYYaIOTCS MPHU MOJCTAHOBKE BhIpaxkeHUs (21) mis TeMmrepaTyphl B
rpanuyHsbie ycnoBus (20). 3agaya (24), (25) uMeeT MHOXKECTBO PELICHUM
Xn(X)=BpsinAyx, (n=0,1,2,...). (26)
3nmech  An=(N+¥2)m/l — coOctBeHHble umcina 3amaun (24), (25), To ecThb
JOMYCTUMBIE 3HA4YeHHS mapamerpa A. CyMMHUpPYsl YacTHBIC PEIICHUS, KOTOPHIC
MOJTYYCHBI TIPH OJHOPOJHBIX TPAHUYHBIX YCIOBHSIX, C YUETOM BBIpaXeHUH (23)
u (26) momyuum juis perienust 3anaqu (18)-(20) cinenyroiiiee BelpaskeHUe
O(1)=M+, busin(AmxX)exp(-1.2a2t) |
n=0
[ToxcraBuB Tenepb 0(X,t) B HauanbHOE yeioBue (19), momydanm
S bsin( (n+¥2)mx/l) = Bo-M.
n=0
Bocrnonb3yemcsi OpTOTOHAIBHOCTHIO CUCTEMBI (PYHKIUN (26) U BBIYUCIUM

3HaueHus by mo popmyiiam 1t koddduimeaToB ypee:

bn:(2/I)If(90-M)Sin( (n+%)mex/1 )dx = -(2/1)(00-M) ( 1/(n+¥2)1 ) cos( (n+¥2)nx/I 3(|::|
0 x=0
_ 2(M-60)
(n+¥2)n

Torma uckoMoe pactpeesIeHIe TeMIIepaTypbl OyAeT NPeICTaBICHO B BUJIC

e(x,t)=M+2(M—eo)O§ ———E——sin((n+1/z)nxll)exp(—((n+1/z)nall)2t) :
n=0 (n+%¥%)

11



Ynpaoxcnenue 3. Hatimu pewienue 3a0ayu HecmayuoHapHou menjionposoo-
HOCMU OJis1 CIMEPI’CHS KOHEYHOU OJIUHbL NPU 3A0AHHbIX HAYAILHOM U 2PAHUYHBIX
YCI0BUAX U 3HAYEHUU Kodgduyuenma memnepamyponposoonocmu. Bapuanm
3a0anus onpeoensiemcs nocjieonel Yu@dpou Homepa 3a4emuol KHUNCKU.

3.1 Ax0)=19sin5zx; A0,)=0, 64(05:)=0;  a?=2.

3.2.  Ax,0)=8cosmx; 60%0,t)=0, &1,5;t)=0; a?=b.
3.3. Ax,0)=17sin3zx; A0,t)=0, 6%(2,5;t)=0; a’=8.
3.4.  Hx,0=6c0s97x; 60%0,t)=0, &3,5;t)=0; a’=1.
3.5.  Hx,0=15sin3zx; A0,t)=0, O%(4,5;t)=0; a’=4.

3.6.  Ax,0)=5sin2zx-1+3x; &0,H)=-1, &2;t)=5; a’*=9.
3.7.  Ox,0)=6sin3zx+2-3x; &0,1)=2, &3;t)=-7; a’=8.
3.8.  Ax,0)=7sin2zx-3+4x; &0,)=-3, A1;t)=1; a’*=7.
3.9.  Ax,0)=8sindzx+4-5x; A0,t)=4, A2;t)=-6; a’=6.
3.10.  H(x,00=9sin32x-5+2x; A0,t)=-5, A3;t)=1; a?=b5.
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METOA ®YPBE
B 3AJJAYAX MATEMATHYECKOM ®U3UKH

Mertoauueckue yka3aHus U KOHTPOJIbHBIE 33/IaHUs IO Kypcey “‘Maremartuka’

JJI1 CaMOCTOSITCJIbHOM pa6OTI>I CTYACHTOB

Cocrasunu: CEPEBPAKOB Annpeii Bnagumuposuu
TPEOWNJIOBA I'anuna MakcumMoBHa
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